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We investigate radiation-reaction effects for a charged
scalar particle accelerated by an external potential realized
as a space-dependent mass term in quantum electrodynamics.
In particular, we calculate the position shift of the final-state
wave packet of the charged particle due to radiation at low-
est order in the fine structure constant α and in the small h¯
approximation. This quantity turns out to be much smaller
than the width of the wave packet but can be compared with
the classical counterpart. We show that it disagrees with the
result obtained using the Abraham-Lorentz-Dirac formula for
the radiation-reaction force, and that it agrees with the clas-
sical theory if one assumes that the particle loses its energy
to radiation at each moment of time according to the Larmor
formula in the static frame of the potential. We also point
out that the electromagnetic correction to the potential has
no classical limit.
PACS numbers: 03.65.-w, 12.20.-m
I. INTRODUCTION
Although classical electrodynamics is a well established
theory, there still is controversy over the nature of the
reaction of a point charge to its own radiation (see,
e.g., Ref. [1]). The standard equation for the radiation-
reaction force, the Abraham-Lorentz-Dirac (ALD) equa-
tion [2,3], admits runaway solutions which describe the
charged particle accelerating on its own and reaching the
speed of light in a very short time. It is possible to ex-
clude these unphysical solutions by rewriting the ALD
equation as an integrodierential equation (see, e.g., Ref.
[1]). However, this reformulation violates causality. A
proposal which uses \reduction of order" [4] excludes run-
away solutions without introducing causality violation.
This approach has recently been advocated by several
authors [5,6]. However, there are other counter-intuitive
aspects in the ALD theory which are not discussed very
often. These aspects persist in any reformulation of the
ALD equation. For example, the radiation-reaction force
vanishes if the acceleration of the charge is constant. Al-
though this is not so serious a problem as existence of
runaway solutions or causality violation, it is certainly
counter-intuitive since the charge radiates energy away
continuously while being accelerated. A related para-
dox is that the radiation-reaction force makes the kinetic
energy of the charge increase if the acceleration of the
charge increases in time, as we will see in the next sec-
tion, despite the fact that the charge is radiating energy
away.
In view of these counter-intuitive features of the ALD
theory, it is natural to ask whether or not this theory
reproduces the classical limit of quantum electrodynam-
ics (QED).1 It is well known that the loopwise expansion
in quantum eld theory is an expansion in powers of h
[8,9]. Therefore the classical limit h ! 0 in this sense
is the tree approximation. However, one should not use
this limit in the problem at hand. For example, this limit
is taken with the mass parameter mc=h held xed (see.
e.g., Ref. [10]). Thus, the mass m also tends to zero in
this limit. In the radiation-reaction problem the mass
must be kept xed as well as the electric charge e in the
limit h ! 0. Thus, the limit we would need to consider
is certainly not the tree approximation and, in fact, does
not exist as emphasized recently by Julia [11]. This fact
can readily be seen by noting that the ne structure con-
stant  = e2=4hc is of order h−1. Thus, perturbation
theory would break down in the h! 0 limit with e xed.
For example, the one-loop correction to the electron mag-
netic moment, =2, would diverge despite the fact that
it is a very small xed number.
Although the limit h ! 0 with m and e xed would
be divergent, one can still compare some quantities in
QED with classical ones at order . At this order in ,
physical quantities of interest are of nite order in h−1,
and there are some quantities of order h0, which can be
compared with the corresponding quantities in classical
electrodynamics.
In this paper we examine the behaviour of a wave
packet of a charged scalar eld undergoing acceleration
due to an external potential realized as a position de-
pendent mass term to rst order in . In particular,
we calculate the change in the position of the nal-state
wave packet, the position shift, as a result of radiation
using the WKB approximation. We demonstrate that
the h ! 0 limit of this quantity, which exists but is
much smaller than the width of the wave packet, dis-
agrees with the corresponding result in the ALD theory.
Then we show that it agrees instead with the result in
classical electrodynamics obtained by assuming that the
1Moniz and Sharp have studied QED in this context and
concluded that the ALD theory is reproduced in the classical
limit by studying the Heisenberg equations [7]. We disagree
with them on this point but have not been able to find the
reason.
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kinetic energy of the particle is lost to the radiation given
by the classical Larmor formula at each moment of time
in the rest frame of the potential. We also point out
that the electromagnetic correction to the potential is of
order h−1 and, therefore, cannot be calculated in classi-
cal electrodynamics. The rest of the paper is organized
as follows. In Sec. II we review the ALD theory and
calculate the position shift of a charged particle due to
radiation in the nonrelativistic approximation in this the-
ory. In Sec. III we calculate the transition amplitude for a
charged scalar particle emitting a photon using the WKB
approximation. This is used in Sec. IV to calculate the
position shift in scalar quantum electrodynamics. Here,
we closely follow an unpublished paper [12]. Then in
Sec. V we examine the one-loop eect (with no emission
of photons) which results in a correction to the external
potential. In Sec. VI we summarize our results. Our
metric signature is +− −−.
II. THE POSITION SHIFT IN THE
ABRAHAM-LORENTZ-DIRAC THEORY
Suppose that a classical charged particle with charge e
and 4-velocity uµ is accelerated by an external 4-force
Fµext. [The 4-velocity of a particle moving in the z-
direction with speed v is (γc; 0; 0; γv) with γ  (1 −
v2=c2)−1/2. Note that uµuµ = c2.] The 4-velocity uµ




= Fµext ; (1)
wherem is the rest mass of the particle and where  is the
proper time along the world line of the particle. The par-
ticle emits electromagnetic radiation with 4-momentum
Pµ = (E=c;P), where E is the energy and P is the mo-







with c  e2=4c, where a =
p− _uµ _uµ (with _uµ =
duµ=d) is the proper acceleration of the particle (see,
e.g., Ref. [1]).
Since it is the particle that radiates, one expects that
its 4-momentum should be reduced by the amount car-
ried away by the radiation. It is natural to describe this
eect in terms of a 4-force. Thus, one is led to modify






where Kµ is the radiation-reaction 4-force which repre-
sents the back reaction of the radiation on the charged
particle. It may seem that the 4-forceKµ should be equal
to the negative of the right-hand side of Eq. (2) because
of energy-momentum conservation. However, this cannot
be the case because this 4-force would not satisfy the con-
dition uµKµ = 0, which is a consequence of the equation
uµ _uµ = 0. Thus, one is led to require only that the total
loss of 4-momentum of the particle be equal to the total
4-momentum radiated away assuming that the acceler-








for some vector Cµ because the second term does not
contribute to the total change in the 4-momentum,R +1
−1 K
µ d . By using the condition uµKµ = 0 one ar-




















where d ~Cµ=d is orthogonal to uµ. Letting ~Cµ = 0,
one arrives at the Abraham-Lorentz-Dirac (ALD) for-












To gain some insight into this formula let us consider
one-dimensional motion parametrized by the rapidity 
with uµ = (u0; u1) = (c cosh; c sinh) and Fµext =












The second term represents the radiation-reaction force.
Notice that it vanishes if the acceleration is constant
and is positive if the acceleration increases. Thus, the
radiation-reaction force pushes the particle forward if the
acceleration increases even though the particle is radiat-
ing. This is rather counter-intuitive.
Now, let us describe the classical counterpart of our
model. In this model a particle with mass m and charge
e moves in the z-direction from z = −1 to z = +1 and
is accelerated by a static potential V (z) whose deriva-
tive is nonzero only in a nite interval. We dene
V−1  V (−1) and let V (+1) = 0. We work in the
nonrelativistic approximation. Thus, the energy is given
by 12mv
2 + V (z), where v is the velocity of the particle.
We assume that the kinetic energy is much larger than
the potential energy, and we retain only the terms up
to second order in V (z). Note that the particle moves
in the positive z-direction forever under this assumption.
We assume also that the particle has passed the region
with V 0(z) 6= 0 at t = 0 and moves at constant velocity
for t > 0. Let us denote the position and velocity of the
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particle without radiation by ~z and ~v, respectively, and
dene z  z−~z and v  v−~v. One has zjt=−1 = 0
and vjt=−1 = 0 by denition. We will calculate the po-
sition shift due to radiation at t = 0 denoted by zjt=0
using the ALD equation. We emphasize that this posi-
tion shift is measured after the acceleration because there
is no acceleration for t > 0 by assumption.
The rate of change in the energy of the particle accord-












where the dot indicates dierentiation with respect to
time t. By writing v¨v as d( _vv)=dt − _v2 and integrating
with respect to t, we nd
1
2
mv2 + V (z) = E +
2c
3c2




_v2 dt ; (10)
whereE is the initial energy. By subtracting the equation
1
2m~v
2 + V (~z) = E from Eq. (10) we nd to lowest order
in c










~a2 dt ; (11)
where ~a = d~v=dt. By substituting V 0(~z) = −md~v=dt in

















~a2 dt : (12)
By integrating this formula from t = −1 to t = 0 we
have, to second order in V (z),






where vi and vf are the initial and nal velocities, re-









We have replaced m~v by the nal momentum p = mvf in
the second term in Eq. (13) because we retain the terms
only up to second order in V (z) (and consequently to
second order in the acceleration ~a). Integrating by parts




t [~a(t)]2 dt : (15)
















where A denotes the complex conjugate of A. (The sub-
script \p" in a^p(k) has been inserted to emphasize that
this quantity depends on the momentum of the particle.
This notation will turn out to be useful later.) Thus, to
second order in V (z) we have













The rst term is rst-order in the potential because
vf − vi is. On the other hand, the second term is clearly
second-order. Note also that the rst term would be ab-
sent if vf = vi, i.e. if V−1 = 0. In Sec. IV we will derive
the position shift zjt=0 in the WKB approximation in
scalar QED. We will nd that the rst term in Eq. (18)
is absent in the classical limit even if vf 6= vi.
III. THE TRANSITION AMPLITUDE
We consider a complex scalar eld  (t;x) which is cou-
pled to the electromagnetic eld Aµ(t;x) and accelerated
by an external potential V (z) with the properties de-
scribed in the previous section. This model is given by
the following Lagrangian density:
L = [@µ − i(e=ch)Aµ] y  [@µ + i(e=ch)Aµ] 
− 1
h2




with @0  c−1@t and Fµν  @µAν − @νAµ. The mode
functions (t;x) for the free scalar eld (with e = 0)
satisfy
2+m2c2=h2 + 2mV (z)=h2

(t;x) = 0 : (20)
The energy P 0 and the momentum P of the correspond-
ing classical particle satisfy
−(P 0=c)2 + P2 +m2c2 + 2mV (z) = 0 : (21)
(Note that the time component of the 4-momentum Pµ is
not P 0 but P 0=c.) In the nonrelativistic approximation
with m2c2  P2; 2mjV (z)j, we have
P 0  mc2 + P2=2m+ V (z) : (22)
Thus, the particle moves under the influence of the
nonrelativistic potential V (z), and the quantum model
given by Eq. (19) corresponds to the classical one an-
alyzed in the previous section. Later we will assume
m2c2  P2  2mjV (z)j | this condition implies that
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the particle is nonrelativistic but the kinetic energy is
much larger than the potential energy | but we do not
use this assumption for the moment.
The solutions of Eq. (20) which are relevant here can
be written as




(−P 0t+ iP?  x?)

; (23)
where x? = (x; y), P? = (P x; P y) and P 0=c =p
m2c2 + P 2 + P2? with P > 0. Thus, the quantity P
is the z-component of the momentum in the region with
large and positive z where the potential V (z) vanishes.











P (z) : (24)
This function can be given in the WKB approximation















P (z)  [P 2 − 2mV (z)]1/2 ; (26)
where f(z) is the correction term of order h. We let
f(z) = 0 to work to lowest nontrivial order in h. The
wave function (25) is normalized so that
Z +1
−1
dz P ′(z)P (z) = 2h(P − P 0) : (27)
Strictly speaking, this formula is not correct because the
WKB approximation is not valid for some values of P .
However, since we use only the modes for which the WKB
approximation is valid, the nal result will not be aected
even if we formally use this approximation for all range
of P , as we do here. Then, the eld  can be expanded
using these modes as




[A(P)P(x) + h:c:] ; (28)
where x  (t;x), P  (P;P?), and where \h.c." denotes
the Hermitian conjugate. By imposing the usual canon-
ical commutation relations on  (x) one nds
[A(P); A(P0)] = 0 ; (29)
A(P); Ay(P0)

= 2P 0(2h)33(P−P0) : (30)
The electromagnetic eld in the Feynman gauge can be









where k = ckkk. The operators bµ(k) satisfy




= −gµν2hk(2)33(k− k0) ; (33)
where gµν is the metric of the Minkowski spacetime. No-
tice that we have used the wave number k instead of
the momentum to label the modes. This is because the
frequency and wave number of the emitted photon are
classically well dened, the former being related to how
rapidly the acceleration changes. Thus, the momentum
of the photon is of order h.







The normalization condition hi j ii = 1 leads toZ
d3P
(2h)3
jf(P)j2 = 1 : (35)
The function f(P) will be identied later as the non-
relativistic one-particle wave-function in the momentum
representation. We choose the following form:
f(P) = N exp






where N is the normalization constant. Here, p and
Pav(> 0) are the width of the wave packet in the mo-
mentum space and the average momentum [in the region
with V (z) = 0], respectively. The constant z0 will turn
out to be the average z-coordinate at t = 0. Now, we
assume that
p
mjV (z)j  Pav  mc. The width p
is assumed to be of order h1/2. (Then, the width in z
is also of order h1/2.) The transverse momentum P? is
much smaller than Pav under this assumption. This wave
packet describes a nonrelativistic charged particle mov-
ing in the positive z-direction with kinetic energy much
larger than jV (z)j.
Let the physical polarization vectors of the photon
with wave number k be (1)µ(k) and (2)µ(k) which are
real and with vanishing time components. We dene the
transition amplitude from the initial state consisting of
a charged particle with momentum P  (P;P?) to the
nal state consisting of a charged particle with momen-
tum p  (p;p?) and a photon with wave number k and






with the following interaction Lagrangian density:
LI = − iehcA
µ





The initial state jii given by Eq. (34) leads to the follow-
ing one-photon nal state according to the standard time-
dependent perturbation theory in the interaction picture:






































@ z and 
(j)
?  ((j)x; (j)y). We will
look for an expression of the nal state jf; 1γi in the
small h approximation. Since we know that the energy
and momentum of the photon emitted are of order h
and, therefore, much smaller than those of the charged
particle, we can assume that p  kp?k for the nal
state because of the assumption that P  kP?k for the
initial state. Thus, we neglect the term proportional to
(P?+p?)(j)? (k) in Eq. (40). Then, to lowest nontrivial
order in h we nd
A(j;k;p;P)
= ec2(j)z(k)G(p; kz ;P )
(2h)32(p? + hk? −P?)(p0 + hk − P 0) ; (41)
where
G(p; kz ;P ) 
Z
dzp(z) [P (z) + p(z)]P (z)e−ikzz :
(42)
Let us choose the polarization vectors so that (2)z(k) =
0. By substituting Eq. (41) in Eq. (39) and dening
b(1)(k)  (1)µ(k)byµ(k) we obtain











G(p; kz;P )b(1)y(k)Ay(p)j0i ; (43)
whereq
P 2 +m2c2 + P2? =
q
p2 +m2c2 + p2? + hk=c ; (44)
P? = p? + hk? ; (45)
with k?  (kx; ky).
Next we evaluate the integralG(p; kz ;P ) to lowest non-
trivial order in h. We keep only the terms which are
rst-order in V (z) because G(p; kz ;P ) will be squared in
the nal result in which we need only the second-order
















where K(z)  P (z)− p(z). This follows from the fact
that [P (z)=p(z)]1/2 + [p(z)=P (z)]1/2 is second-order
in V (z). By squaring the energy-conservation equation
(44), we nd
P 2 + P2?  p2 + p2? + 2mhk (47)
to rst order in h, where we have let
p
p2 + p2? +m2c2 
mc. By using the inequality
jP2? − p2?j  kP? − p?kkP? + p?k (48)
and Eq. (45), we nd
jP2? − p2?j  hk=c  kP? + p?k  mhk : (49)
Using this in Eq. (47) we have
P 2 − p2  2mhk : (50)
Hence we obtain the following approximate formula:
P (z)− p(z)  @p(z)
@p2






p2 − 2mV (z)=m (52)
is the speed of the classical particle with the nal momen-
tum p in the z-direction. By using this approximation the































By using this formula with g(z) =
R z
0 dz
0 [k=vp(z0) − kz]
we nd

















We have dropped the boundary terms because this quan-
tity will be used for a wave packet, and therefore the
nal result would be the same if we introduced a damp-
ing factor. Then we replace
p
Pp by p because we keep
only the terms that are rst-order in V (z). Furthermore,
since the motion of the particle is nonrelativistic, we have
k  vp(z)kz. Hence













The z-integral here is essentially the Fourier transform





is the time when the classical particle with momentum p
is at position z. Thus,




to lowest nontrivial order in h and V (z). Now, from Eq.
(50) we have P − p  mhk=p. By using this approxima-
tion in Eq. (36) we nd
f(P)
























= f(p) exp(−imz0k=p) : (59)
We have used the assumption that p is of order h1/2 in
using the small h approximation. By substituting Eqs.
(58) and (59) in Eq. (43) we obtain















(1)z(k)a^p(k) b(1)y(k)jii ; (60)
where the state jii is dened by Eq. (34). We have taken
the factor a^p(k) out of the integral sign because the func-
tion f(p) has width of order h1/2 and the error generated
by doing so is suppressed by a factor of h1/2. (The sub-
script in a^p(k) here should be \Pav", but we use \p" in-
stead since it corresponds to the quantity with the same
symbol used in the classical model.)
It is interesting to compare this result with the nal
state for radiation due to a classical current with the
following interaction Lagrangian density:
LI cl = (e=c)Aµ(t;x)jµ(t;x) : (61)
Here, the current density jµ(x) is given by
j0(t;x) = c2(x?)[z − z(t)] ; (62)
jz(t;x) = v(t)2(x?)[z − z(t)] (63)
with jx(t;x) = jy(t;x) = 0, where z(t) is the position of
the charged particle at time t and where v(t) = z0(t) is its
velocity in the z-direction. A straightforward calculation
leads to the following one-photon nal state:





where the state j0γi is the vacuum state in the photon


















By substituting this equation in Eq. (64) we nd






Note that this expression is essentially the same as Eq.
(60). Thus, the small h approximation reduces to re-
placing the wave packet by the corresponding classical
current as far as the transition amplitude is concerned.
The emission probability can be obtained from Eq. (60)
[or Eq. (66)], remembering that the average of [(1)z(k)]2
for each value of k is 2=3, as






Notice that this probability is infrared divergent unless
a^p(0) = V−1=p = 0. Therefore the emission probability
is infrared divergent in general. However, the expected











This is nothing but the Larmor formula (2) in the non-
relativistic limit.
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IV. THE POSITION SHIFT IN QUANTUM
ELECTRODYNAMICS
In this section we derive the quantum expression of the
position shift to order c in the small h approximation
and compare it with the result in the ALD theory derived
in Sec. II. First we note that the nonrelativistic wave






where P(t;x) is dened by Eq. (23). This implies that
the function f(P) can be identied with the nonrelativis-
tic wave function in the momentum representation. We
assume that the constant z0 in Eq. (36) is larger than
any z satisfying V (z) 6= 0. Then the wave packet is in





(Pz + P?  x?)

at t = 0 (70)
in Eq. (69). Thus, the expected value of the z-coordinate
















(Recall here that P  (P;P?).)
The nal-state wave function (60) can be written with
the substitution jii = f(p) as







We have included the contribution from the forward scat-
tering. We do not evaluate the forward-scattering ampli-
tude F(p) explicitly but note that it is of order e2. By
using the formula analogous to Eq. (71) and taking the




































Note that unitarity implies that 2ImF = PP , where the
emission probability PP is given by Eq. (67). Note also
that the acceleration a(t) depends on p and t through
z = pt=m+z0. [One can use the free-particle approxima-
tion here because the last term in Eq. (73), where a^p(k)







ap(t) = 0 : (74)











From this formula and the fact that a^p(−k) = a^p(k) [be-
























Since the function f(p) is sharply peaked about p? = 0
and p  Pav, one has













We have used the symbol\p" instead of \Pav", e.g. in
a^p(k), again for the reason stated before. The real part of
the forward-scattering amplitude F arises in the one-loop
diagram without photon emission. Therefore, the second
term in Eq. (77) comes from the quantum correction to
the potential rather than from the reaction to radiation.
(We will discuss this term in the next section.) Thus, the












If we write c = h and recall that   1=137, then the
quantity zjQuantumt=0 can be written as h=137 (classical
quantity). Thus, although it is formally of order h0, it is
much smaller than the width of the wave packet, which
is of order h1/2. Nevertheless it can be compared with
the counterpart in the classical theory. One can readily
see that it does not agree with Eq. (18) derived in the
ALD theory. Hence, we conclude that the ALD theory
does not correctly describe a point particle accelerated
by a static potential.
Now, notice that Eq. (18) would agree with Eq. (78)
if we removed the rst term proportional to log(vf=vi)
from the former. This term can be traced back to the
term proportional to v _v in Eq. (10) which has arisen due
to the substitution v¨v = d( _vv)=dt − _v2. Therefore, Eq.
7
(78) is reproduced in the classical theory by modifying











The right-hand side is the negative of the power of radi-
ation. Hence, this formula can be interpreted as stating
that the energy of the charged particle is lost through
the radiation given by the Larmor formula at each time.
In other words, the h ! 0 limit of scalar QED at order
e2 can be reproduced by classical electrodynamics if mo-
mentum conservation is disregarded and energy conserva-
tion is used at each moment of time, as far as the position
shift is concerned. This seems reasonable because in the
quantum theory the energy is conserved in the rest frame
determined by the potential V (z) but the momentum is
not conserved since the potential is z-dependent.
V. SOME COMMENTS ON THE
FORWARD-SCATTERING AMPLITUDE
The imaginary part ImF of the forward-scattering
amplitude is related to the photon emission probabil-
ity by unitarity, as we mentioned before. The real part
ReF represents the quantum correction to the potential
(which may be nonlocal). To illustrate this fact let us
compute the forward-scattering amplitude due to a slight
change in the potential in the form V (z) ! V (z)+V (z),













dz V (z) (80)
to lowest order in V (z) and V (z). The position shift







dz V (z) : (81)
It can readily be veried that the position shift is given
by the same formula in the classical theory. We have not
been able to nd the exact form of ReF in our model but
will show that the quantum correction to the potential
is of order h−1. This will imply that the electromagnetic
correction to the potential at order e2 cannot be obtained
in the classical theory.
Since the potential is part of the mass term in our
model, its quantum correction is related to the mass
renormalization. If we let V (z) = 0 in the mass term
given by
[m2c2 + 2mV (z)]=h2  [m(z)]2c2=h2 ; (82)
its quantum correction can be computed in the dimen-
sional regularization with D = 4− 2 as











where  is the renormalization scale and γ is Euler’s con-
stant. Thus, the mass term is corrected for large and
positive z, where the potential vanishes, according to this
formula. For large and negative z, the squared mass is
m2 + 2mV−1=c2. Therefore the quantum correction to
the mass term is obtained by replacing m2 by this value
in Eq. (83). This implies that the dierence between the
quantum corrections to the potential at z = 1 is of
order h−1. Hence, this correction cannot be obtained in
classical electrodynamics.2
If the potential is slowly varying so that the WKB
approximation is valid, it is reasonable to expect that the
quantum correction to the mass term at leading order in
h is obtained by replacing m2 by [m(z)]2 in Eq. (83) for
all z. Then,












The quantum correction to the potential can be expressed





















to lowest order in c. Since the acceleration is−V 0(z)=m,
this formula shows that the correction to the acceleration
is ultraviolet nite at leading order in h.
VI. SUMMARY
In this paper we studied a wave packet of a charged
particle moving in the z-direction and accelerated by a
potential which depends only on z. Our main conclusion
is that the position shift due to the reaction to radiation
agrees not with the formula in the Abraham-Lorentz-
Dirac theory but with that obtained by assuming that
the kinetic energy is lost to radiation according to the
Larmor formula at each moment of time, at leading order
in e2 and in the nonrelativistic approximation. It will be
interesting to study a more general system and establish
a broadly applicable classical theory of radiation-reaction
eects which agrees with the classical limit of the quan-
tum theory at order e2.
2The corresponding correction to the forward-scattering am-
plitude is of order h¯−2. Since the imaginary part of F is of
order h¯−1, the correction to the potential does not have an
imaginary part at leading order in h¯.
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An implicit assumption in the Abraham-Lorentz-Dirac
theory is that the radiation-reaction eects are repre-
sented by the same 4-force acting on the charge irrespec-
tive of the mechanism of acceleration. Note that the
classical particle can have the same motion with many
dierent acceleration mechanisms. This point can be il-
lustrated by the following example. Consider the one-




0 for t < 0 ;
1
2a0t
2 for 0 < t < T ;
a0T t− 12a0T 2 for T < t ;
(86)
where a0 and T are constants. This motion can occur un-
der the following one-parameter family of time-dependent




U1 for z + ut < 0 ;
U1 −ma0(z + ut) for 0 < z + ut < z1 ;






2 +ma0uT ; (88)
z1  12a0T
2 + uT : (89)
Note that Vu(z; t) is a static potential in the frame
moving in the negative z-direction with speed u. The
radiation-reaction force given by the Abraham-Lorentz-
Dirac formula is independent of the underlying acceler-
ation mechanism as we mentioned before. However, in
the quantum theory the potential Vu(z; t) will give a pre-
ferred frame where the energy is conserved, i.e. its static
frame. The radiation-reaction eects are frame depen-
dent in our model, and the energy is conserved only in
the static frame of the potential.
Finally, let us discuss how the frame dependence nds
its way into the position shift in our calculation. For
a given momentum the transition amplitude derived in
Sec. III depends only on the motion of the classical par-
ticle in the small h approximation and is insensitive to
the underlying acceleration mechanism. However, its mo-
mentum dependence is sensitive to the way the particle
is accelerated. If the potential is moving at speed u in
the negative z-direction like Vu(z; t) given by Eq. (87),
then one needs to replace p in Eq. (74) by the momen-
tum of the particle in the rest frame of the potential,
pu  p+mu, because the potential is now a function of
z+ut = (p+mu)t=m. As a result we need this substitu-
tion in Eq. (78), making the position shift u-dependent.
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